Problem 6.21

Problem 6.21. In the real world, most oscillators are not perfectly harmonic.
For a quantum oscillator, this means that the spacing between energy levels is not
exactly uniform. The vibrational levels of an Hy molecule, for example, are more
accurately described by the approximate formula

En =~ €(1.03n — 0.03:12)‘ n=4~0 1. 2.

where € is the spacing between the two lowest levels. Thus, the levels get closer
together with increasing energy. (This formula is reasonably accurate only up to
about n = 15; for slightly higher n it would say that E}, decreases with increasing n.
In fact, the molecule dissociates and there are no more discrete levels beyond
n =~ 15.) Use a computer to calculate the partition function, average energy, and
heat capacity of a system with this set of energy levels. Include all levels through
n = 15, but check to see how the results change when you include fewer levels.
Plot the heat capacity as a function of kT'/e. Compare to the case of a perfectly
harmonic oscillator with evenly spaced levels, and also to the vibrational portion
of the graph in Figure 1.13.

First, here is a way to use Mathematica’s symbolic evaluations to work with the partition function.
Consider a very simple two-term partition function with energy levels €1 and €2:

mhli= Z = Exp[-B €l] + Exp[-B €2]

The average value of the energy is calculated symbolically by:
-1
In[2]:= Ebar = — D[Z, ﬁ]
z

You can express that as a function of temperature T by using a replacement rule, replacing by 1/(k T).
inzl:= EbarT[T_] = Ebar /. B » 1/ (kT)
Then the heat capacity is the derivative of the energy with respect to the temperature.
inje}= ¢ = D[EbarT[T], TI]
This is quite complicated, but can be simplified:
inf10l:= SAimplify [%]
Try it all again with a more complicated partition function
in(s11:= Clear[Z, Ebar, EbarT, c]

nis2i= En[n_] i= e (1.03n - 0.03 n?)
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infe3l:= Z15 = Sum[Exp[-B En[n]], {n, 1, 15}]
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inles]:= EbarT15[T_] = Ebarl5 /. B » 1/ (kT)
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infe6l:= €15[T_] = D[EbarT15[T], T]
out[66]=
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Calculate the heat capacity for a scaled temperature ‘t=kT/€,orT=€t/k.
cs15[t_] :=cl5[et/ K. It’s messy, so try to simplify it. To get a dimensionless quantity, divide by ‘k’.

inle7:= €¢s15[t_] := Simplify[cl5[e t / k] /k]
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nlesl:= €S15[t]
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in711- Plot[cs15[t], {t, 0.1, 5}, PlotRange - All]

Out[71]=

infs0l:= Clear["Global %"]



